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Abstract—Singularities of parallel manipulators (PMs) are PM
configurations where the relationship between the rates of the
joint variables and the characteristic vectors of the end-effector’s
instantaneous motion is not one-to-one. In correspondence of
these configurations either the loads on the end effector are
balanced by the passive structure of the manipulator (i.e. without
generalized torques in the actuated joints), or infinite generalized
torques, in the actuated joints, are necessary to balance small
(infinitesimal) loads applied to the end effector. These abnormal
static behavior can be eliminated only by avoiding the occurrence
of singularities during the manipulator life. Therefore, the
singularity analysis is a mandatory step during the design of a
PM. Parallel Wrists (PWs) do not escape from this logic. This
paper reviews the main results reported in the literature about
the singularity analysis of PWs and addresses the problem of
characterizing the kinetostatic performances of PWs.
Index Terms—Parallel wrist, singularity, kinetostatic
performances, isotropic configuration.
I. INTRODUCTION
INGULARITIES are manipulator configurations where
the relationship (input-output instantaneous relationship)
between the rates of the actuated-joint variables and the
characteristic vectors1 of the end-effector’s instantaneous
motion fails [1-3]. According to the input-output
instantaneous relationship [1], they are of three types: (I)
singularities of the inverse kinematic problem, (II)
singularities of the direct kinematic problem, and (III)
singularities both of the inverse and of the direct kinematic
problems.
Type-(I) singularities occur when at least one out of the
input-variable rates (actuated-joint rates) are undetermined
even though all the output-variable rates (end-effector’s
motion characteristics {ω, vP}) are assigned. All the
manipuator configurations where the end effector reaches the
border of the workspace are type-(I) singularities, and finding
type-(I) singularities is one way to determine the workspace
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1 The characteristic vectors of the instantaneous motion of a rigid body are
the rigid-body’s angular velocity, ω, and the velocity, vP, of a rigid-body
point, P.
border. From a static point of view, in type-(I) singularities, at
least one component of output torque (force), applied to the
end effector, is equilibrated by the manipulator structure
without applying any input torque (force) in the actuated
joints.
Type-(II) singularities occur when at least one component
of end-effector’s motion characteristics, {ω, vP}, is
undetermined even though all the actuated-joint rates are
assigned. These singularities may be present only in parallel
manipulators (PMs) and fall inside the workspace. From a
static point of view, in type-(II) singularities, a (finite or
infinitesimal) output torque (force), applied to the end
effector, needs at least one infinite input torque (force) in the
actuated joints to be equilibrated. Since, long before the input
torque (force) becomes infinite, the manipulator breaks down,
type-(II) singularities must be found during design and
avoided during operation.
This singularity classification has been extended in [3] by
taking into account the rates of the non-actuated joints.
In the literature [4-9], the possibility of changing the type of
motion, the end effector performs, in correspondence of
particular type-(II) singularities (constraint singularities) has
been highlighted. Constraint singularities affect only PMs
with lower mobility where the limbs’ connectivity is greater
than the manipulator’s degrees of freedom (dof). Parallel
wrists (PWs) are particular PMs with lower mobility.
Therefore, PWs may have constraint singularities, that is,
configurations where the end effector is no longer constrained
to perform spherical motions.
This paper reviews the main results reported in the
literature about the singularity analysis of PWs and addresses
the problem of characterizing the kinetostatic performances of
PWs.
II. SYNGULARITY ANALYSIS OF PWS
The singularity analysis is the determination of all the
singularities of a manipulator. In the configuration space of a
manipulator (joint space or operational space), the geometric
locus collecting all the points that identify manipulator
singularities is named singularity locus.
According to the above-reported definitions, singularities
are related to the input-output instantaneous relationship; thus
the implementation of the singularity analysis reduces itself to
discuss such a relationship.
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II.A. Analytical Determination of the Singularity Loci
The input-output instantaneous relationship of a PM with
lower mobility can be deduced by using the velocity-loop
equations [4, 5, 7]. Such a technique consists in two step: (i)
the analytic calculus of a number of different expressions of
the end-effector motion characteristics, {ω, vP}, equal to the
limb number, say n, (such a calculus considers each limb
separately as it acted on the end effector by itself); (ii) the
elimination of all the rates of the non-actuated-joint variables
from the 6n scalar equations obtained in the previous step.
So doing, the following input-output instantaneous
relationship is obtained for a generic three-dof PM:
P
⎡ ⎤⎡ ⎤ ⎡ ⎤=⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦
ωW V H
q
vT U G
 (1)
where q  is the time derivative of the three-dimensional
vector, q, which collects the three actuated-joint variables, qi
for i=1,2,3. H, G, T, U, V, and W are 3×3 matrices which
depend on the mechanism configuration (i.e. on q). Such
matrices can be seen as triplets of three-dimensional column
vectors defined by the following formulae ([⋅]T stands for
transpose of [⋅]):
H = [h1, h2, h3]; G = [g1, g2, g3]; T = [t1, t2, t3]T; (2a)
U = [u1, u2, u3]T; V = [v1, v2, v3]T; W = [w1, w2, w3]T; (2b)
In a parallel wrist, if the center of the end-effector spherical
motion is chosen as point P, the matrices T and G become null
matrices, and relationship (1) becomes [4]:
3 3 3 3P× ×
⎡ ⎤ ⎡ ⎤⎡ ⎤ =⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦ ⎣ ⎦
W V Hω
q
0 U 0v
 (3)
where 03×3 is a 3×3 null matrix. The homogeneity of the
equations of system (3) allows the normalization of the ui and
wi vectors for i=1,2,3 (see definition (2b) of matrices U and
W). Therefore, without losing generality, it will be assumed
that the ui and wi vectors are unit vectors.
The analysis of relationship (3) reveals that the end effector
is constrained to perform an infinitesimal (elementary)
spherical motion if and only if matrix U is not singular.
Indeed, only under this condition, the last three equations of
system (3), that is:
U vP = 0 (4),
have the only solution
vP = 0 (5),
which warranties the spherical motion.
Since matrix U is singular, if and only if its determinant is
equal to zero, the values of q that satisfy the following
singularity condition
det(U) = 0 (6)
identify PW configurations where the type of motion of the
end effector may be non-spherical. Thus, such configurations
are constraint singularities. Equation (6) is the analytic
expression of the singularity locus which collects all the joint-
space points2 that correspond to constraint singularities of the
PW.
If condition (6) is matched, system (4) has an infinite
number of solutions for vP (i.e. the velocity vP is
undetermined), even though the actuated-joint rates, q , are
assigned. According to the above-reported singularity
classification, this kinematic condition makes constraint
singularities belong to the set of the type-(II) singularities3.
By using the set theory, it can be demonstrated that
constraint singularities may occur only in PM with lower
mobility where all the limbs have a connectivity that is greater
than the PM dof (see Ref. [10] for details). Therefore, the
PWs that have at least one limb with connectivity equal to
three, like (see Ref. [11]) the S-3UPS or the 3-RRR (U, P, R
and S stand for universal joint, prismatic pair, revolute pair,
and spherical pair, respectively) have no constraint
singularities.
Another criterion for avoiding constraint singularities is the
use of PW architectures that have a constant and non-singular
U matrix, like the 3-RRS wrist [12] (Fig. 1).
Out of constraint singularities, the input-output
instantaneous relationship (3) reduces itself to the following
one4:
Figure 1: The 3-RRS wrist
2 The vector of the actuated-joint variables, q, is the position vector that
locates the points of the joint space.
3 Due to the indetermination of vP, the constraint singularities of PWs are
also named translation singularities [4, 5, 7, 9].
4 Relationship (7) had been erroneously considered the complete input-
output instantaneous relationship before the presence of constraint
singularities was highlighted in the literature.
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W ω = H q (7)
The analysis of (7) brings to the conclusion that: (a) if and
only if matrix W is singular, the end-effector’s angular
velocity, ω, is not determined, even though the actuated-joint
rates, q , are assigned (i.e, a type-(II) singularity occurs), and
(b) if and only if matrix H is singular, the actuated-joint rates,
q , are not determined, even though the end-effector’s angular
velocity, ω, is assigned (i.e, a type-(I) singularity occurs).
Due to the indetermination of ω, the type-(II) singularities
identified by condition (a) are also named rotation
singularities [4, 5, 7, 9].
From an analytic point of view, the singularity condition (a)
yields
det(W) = 0 (8);
whereas, the singularity condition (b) yields
det(H) = 0 (9).
Equations (8) and (9) are the analytic expressions of two
singularity loci which collect all the joint-space points that
correspond respectively to the rotation singularities, and to the
type-(I) singularities.
II.B. Geometric Interpretation of the Singularity Conditions
Definition (2b) of matrix U allows system (4) to be split
into the following three scalar equations
ui ⋅ vP = 0 i=1,2,3            (10)
From a kinematic point of view, the i-th Eq. (10) says that
the velocity vP has no component parallel to the vector ui,
which, in other words, means that the end-effector point P
cannot translate along the direction of the vector ui. Since the
ui vectors for i=1,2,3 identify three directions along which the
translation of P is forbidden, if the ui vectors are linearly
independent, point P cannot perform any elementary
translation (i.e. condition (5) holds), otherwise it can translate
along directions that are orthogonal to all the ui vectors. The
ui vectors are linearly dependent if and only if they are all
parallel to a unique plane. This geometric condition is
analytically expressed as follows:
u1 ⋅ u2 × u3 = 0 (11)
Due to definition (2b) of matrix U, condition (11) coincides
with condition (6), and it is its geometric counterpart.
Out of the constraint singularities, the end-effector motion
is spherical, and system (7) is the input-output instantaneous
relationship to be considered. Such a system is not singular, if
and only if it states an one-to-one relationship between ω and
q . Since system (7) is linear and homogeneous with respect
to ω and q , ω is determined (i.e. type-(II) singularities do not
occur), if and only if the only solution of system (7) for ω is
the null vector when the actuated joints are locked (i.e. q  is
equal to zero). On the other side, q  is determined (i.e. type-(I)
singularities do not occur), if and only if the only solution of
system (7) for q  is the null vector when the end effector is
locked (i.e. ω is equal to zero).
When the actuated joints are locked, definition (2b) of
matrix W allows system (7) to be split into the following three
scalar equations
wi ⋅ ω = 0 i=1,2,3            (12)
From a kinematic point of view, the i-th Eq. (12) says that
the end-effector’s angular velocity ω has no component
parallel to the vector wi, which, in other words, means that the
end-effector cannot rotate around an axis parallel to the vector
wi and passing through P. Since the wi vectors for i=1,2,3
identify three directions around which the end-effector
rotation is forbidden, if the wi vectors are linearly
independent, the end effector cannot perform any elementary
rotation (i.e. ω must be equal to the null vector), otherwise it
can rotate around an axis passing through P and orthogonal to
all the wi vectors. The wi vectors are linearly dependent if and
only if they are all parallel to a unique plane. This geometric
condition is analytically expressed as follows:
w1 ⋅ w2 × w3 = 0 (13)
Due to definition (2b) of matrix W, condition (13)
coincides with condition (8), and it is its geometric
counterpart.
By using definition (2a) of matrix H, system (7) can be
written as follows ( T1 2 3[q ,q ,q ]≡q    ):
W ω = i i
i 1,3
q
=
∑ h  (7’)
Moreover, singularity condition (9), which identifies the
type-(I) singularities, can be rewritten as follows:
h1 ⋅ h2 × h3 = 0 (14)
Condition (14) states that a type-(I) singularity occurs if and
only if the three hi vectors, for i=1,2,3, are all parallel to a
unique plane. When this condition occurs, the direction that is
normal to all the hi vectors is given by the cross product of
any couple of non-parallel hi vectors, say n≡h1×h2. Thus, the
dot product of the vector equation (7’) by n yields, after
rearrangements:
ωT b = 0 (15)
where
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b = WT n (16)
Equation (15) states that, when condition (14) is satisfied,
the end-effector’s angular velocity cannot assume any
direction since it must be orthogonal to the vector b. The
existence of motion limitations on the end effector identifies a
manipulator configuration that is located at the borders of the
workspace. Therefore, Eq. (14) is the analytic expression of
the workspace borders in the manipulator’s configuration
space (joint space or operational space).
III. KINETOSTATIC PERFORMANCES
Every relationship of the instantaneous (first-order)
kinematics has a static interpretation that can be determined
through the virtual work principle. That is why the static
interpretation of the input-output instantaneous relationship of
a manipulator, sometimes, is referred as kinetostatics [13].
III.A. Statics of PWs
By considering only the PW skeleton (i.e., the PW without
generalized torques applied in the active joints), the virtual
work principle yields the following relationship:
F ⋅ vP + MP ⋅ ω = 0 (17)
where F and MP are resultant force and resultant moment
about the pole P, respectively, of an external force system that
is applied to the end effector and is balanced by the reactions
that all the limbs5 exert on the end effector. vP and ω are any
set of end-effector’s motion characteristics compatible with
the end-effector constraints (virtual motion characteristics).
Since the end-effector’s constraints are analytically
expressed by the instantaneous input-output relationship, the
virtual motion characteristics are any set {ω, vP} that satisfies
relationship (3).
According to (3), ω is practically free to assume any value,
whereas vP must respect vector Eq. (4). Therefore, Eq. (17)
can be satisfied (i.e., the manipulator skeleton is in
equilibrium) if and only if F and MP have the following
analytic expressions:
MP = 0 (18a)
F = i i
i 1,3=
α∑ u (18b)
where αi for i=1,2,3, are three coefficients whose values must
be computed through (18b) once the value of F is assigned.
Expressions (18) reveals that the PW skeleton can
equilibrate a force system which is equivalent to a unique
force with line of action passing through the center, P, of the
end-effector spherical motion. Moreover, the detailed static
5 No external load (i.e., gravity, inertia forces, etc.) is applied to the limbs’
links, all the kinematic pairs are non-actuated (passive) and frictionless.
analysis of any real case (see, for instance, Ref. [9]) reveals
that the loads applied on the limbs’ links are proportional to
the αi coefficients.
By solving (18b) with respect to the αi coefficients, the
following explicit expressions of these coefficients results
j k
i
i j k
⋅ ×α = ⋅ ×
F u u
u u u
i, j, k ∈{1, 2, 3⏐i≠j, i≠k, j≠k}   (19)
Since the absolute value of the denominator of expressions
(19) coincides with the absolute value of det(U), the more
det(U) is near to zero (i.e., the more a PW configuration is
near to a constraint singularity), the greater the absolute values
of the αi coefficients are (i.e., the greater the loads on the
limbs’ links are).
By considering the PW with generalized torques applied in
the active joints, the virtual work principle yields the
following relationship:
F ⋅ vP + MP ⋅ ω = τ ⋅ q (20)
where τ is a three-dimensional vector collecting the three
generalized torques, τi for i=1,2,3. q  is any vector of
actuated-joint rates compatible with the constraints (virtual
rates of the actuated-joint variables). F, MP, vP and ω have the
same meaning as they have in (17).
By choosing F according to (18b), the first term at the left-
hand side of (20) is identically equal to zero. Moreover, out of
constraint singularities, the input-output instantaneous
relationship reduces itself to vector Eq. (7’). Thus, Eq. (20) is
identically satisfied if and only if
τ = H T W −T MP (21a)
F = i i
i 1,3=
α∑ u (21b)
Since the explicit expression of W −T is
[ ]TT 2 3 3 1 1 2
1 2 3
1 , ,− = × × ×⋅ ×W w w w w w ww w w (22),
the right-hand side of (21a) has a common factor that is the
reciprocal of det(W). As a consequence, the more det(W) is
near to zero (i.e., the more a PW configuration is near to a
rotation singularity), the greater the values of the generalized
torques, τi for i=1,2,3, are.
III.B. Performance Indices
Characterizing the kinetostatic performances is important in
order to compare different architectures during the design of a
new manipulator.
The above-reported static analysis highlights that the force
transmission from the end effector to the links and to the
actuators depend on the manipulator configuration. Thus, the
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indices devised to measure these manipulator performances
must be configuration dependent, whereas the overall
performances of the architecture can be measured by means of
suitable averages on the workspace of the configuration-
dependent indices.
In the literature, many indices were proposed to measure
the kinetostatic performances of serial manipulators (see [13]
for references), and, successively, adapted to parallel
manipulators [11, 14, 15].
In order to understand the static meaning of the indices used
for PWs, the concept of manipulability measure introduced in
[16] will be briefly recalled.
By using relationship (21a), a manipulating ability
(manipulability) ellipsoid which identifies all the MP values
corresponding to a unit generalized-torque vector, τ, can be
defined as follows:
xT J J T x = 1 (23)
where
x = PM
τ
 (24a)
J = W −1 H (24b)
Since matrix J depends on the manipulator configuration,
the shape of the ellipsoid (23) depends on the manipulator
configuration. In particular, the lengths of the semi-axes are
equal to the reciprocals of the absolute values of the J
eigenvalues, the directions of the ellipsoid axes are given by
the directions of the J eigenvectors, and the volume of the
ellipsoid is proportional to the reciprocal of the product of all
the J eigenvalues, which is equal to det(J).
The lengths of the semimajor and of the semiminor axes of
the manipulability ellipsoid give the maximum and the
minimum values respectively of the ratio (Mechanical
Advantage (M.A.)) between the magnitudes of MP and τ. The
manipulability ellipsoid highlights that, in general, the M.A.
depends on the mechanism configuration and on the direction
of MP. The manipulator configurations where the eigenvalues
of the J matrix are all equal have an M.A. that does not
depend on the direction of MP. Such configurations are named
isotropic [13], and are characterized by the fact that their
manipulability ellipsoid is a sphere. A PW with at least one
isotropic configuration is named isotropic.
The distortion of the isotropic condition at a generic PW
configuration can be measured by the following index
(dexterity)6
6 Definition (25) is a particular case of the following more general
definition of dexterity [11] as inverse of the condition number of J:
1
1( ) −ζ =J J J (25’)
where ⋅  denotes a norm of its matrix argument.
min
max
( )
λζ = λJ (25)
where λmin and λmax are the minimum and the maximum
absolute values of the eigenvalues of matrix J.
Moreover, at parity of ellipsoid shape (i.e. of dexterity), the
greater the volume of the manipulability ellipsoid is, the
higher the M.A. values in any direction are. Such a
kinetostatic property can be measured by the following
“manipulability measure” [16]
T( ) det( )µ =J J J (26)
Since the determinant of the product of two square matrices
is equal to the product of the determinants of the two matrices,
definition (26) states that the “manipulability measure”, µ, is
equal to the absolute value of det(J). And, definition (24b)
makes it possible to state that det(J) is equal to the ratio
between det(H) and det(W). As a consequence, definition (26)
can be given in the following alternative way:
det( )
( )
det( )
µ = HJ
W
(26’)
The “manipulability measure”, µ, ranges from zero to
infinity and is inversely proportional to the ellipsoid volume.
Definition (26’) highlights that µ is equal to zero (i.e., the
M.A. is equal to infinity) where det(H) is equal to zero (i.e., at
the workspace borders (see singularity condition (9))),
whereas it is equal to infinity (i.e., the M.A. is equal to zero)
where det(W) is equal to zero (i.e., when a rotation singularity
occurs (see singularity condition (8))). This result brings to
conclude that, from a static point of view, a PW must work far
from the workspace borders and the rotation singularities.
Finally, it is worth noting that, since the three wi vectors (see
definitions (2b)) are unit vectors, the PW configurations that
are the farthest from rotation singularities are characterized by
the fact that the absolute value of det(W) is equal to 1 (i.e., the
three wi vectors are mutually orthogonal (remind that det(W)
is equal to w1 ⋅ w2 × w3).
Both the dexterity and the manipulability measure
characterize the force transmission, from the actuators to the
end effector, at a given PW configuration. In order to
characterize the kinetostatic properties of a PW architecture, a
global dexterity, ζav, and a global manipulability measure, µav,
can be defined as follows:
Q
av
Q
( ) dQ
dQ
ζ
ζ =
∫
∫
J
(27)
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Q
av
Q
( ) dQ
dQ
µ
µ =
∫
∫
J
(28)
where Q denotes the workspace of the PW.
So far, the defined indices take into account only the force
transmission between end effector and actuators (i.e.
relationship (21a)). The force transmission between the end
effector and the PW skeleton is ruled by relationship (21b)
which brings to relationships (19) for the αi coefficients.
Relationship (19) can be alternatively written as follows:
α = U −T F (29)
where
α = [α1, α2, α3]T (30)
If, as usual [9], the αi coefficients are signed magnitudes of
loads applied to the limbs’ links, the resting ability
(restability) of the PW skeleton can be characterized through
the following restability ellipsoid:
yT U −1 U −T y = 1 (31)
where
y = F
α
 (32)
Since matrix U depends on the PW-skeleton configuration,
the shape of the ellipsoid (31) depends on the PW-skeleton
configuration. In particular, the lengths of the semi-axes are
equal to the absolute values of the U eigenvalues, the
directions of the ellipsoid axes are given by the directions of
the U eigenvectors, and the volume of the ellipsoid is
proportional to the product of all the U eigenvalues, which is
equal to det(U).
The lengths of the semimajor and of the semiminor axes of
the restability ellipsoid give the maximum and the minimum
values respectively of the ratio (Passive Mechanical
Advantage (P.M.A.)) between the magnitudes of F and α. The
restability ellipsoid highlights that, in general, the P.M.A.
depends on the PW-skeleton configuration and on the
direction of F. The PW-skeleton configurations where the
eigenvalues of the U matrix are all equal have an P.M.A. that
does not depend on the direction of F. Such configurations
uniformly distribute the force F among the links of the PW-
skeleton, and are characterized by the fact that their restability
ellipsoid is a sphere.
The distortion of the uniform-distribution condition at a
generic configuration can be measured by the following
redistribution index:
min
max
( )
ηξ = ηU (33)
where ηmin and ηmax are the minimum and the maximum
absolute values of the eigenvalues of matrix U.
Moreover, at parity of ellipsoid shape (i.e. of ξ value), the
greater the volume of the restability ellipsoid is, the higher the
P.M.A. values in any direction are. Such a kinetostatic
property can be measured by the following restability index
T
1( )
det( )
ν =U
U U
(34)
that can be alternatively defined as follows
1( )
det( )
ν =U
U
(34’)
Since the three ui vectors (see definitions (2b)) are unit
vectors, the absolute value of det(U) (remind that det(U) is
equal to u1 ⋅ u2 × u3) ranges from 0 at a constraint singularity
(i.e., where singularity condition (6) is satisfied) to 1 at a
configuration where the three ui vectors are mutually
orthogonal. As a consequence, the ν index ranges from 1 to
infinity and is inversely proportional to the ellipsoid volume.
This result brings to conclude that, from a static point of view,
a PW-skeleton must work far from constraint singularities.
Finally, it is worth noting that, the PW configurations that are
the farthest from constraint singularities are characterized by
the fact that the absolute value of det(U) is equal to 1.
In order to globally characterize the kinetostatic properties
of a PW skeleton, a global redistribution index, ξav, and a
global restability index, νav, can be defined as follows:
Q
av
Q
( ) dQ
dQ
ξ
ξ =
∫
∫
U
(35)
Q
av
Q
( ) dQ
dQ
ν
ν =
∫
∫
U
(36)
IV. CONCLUSION
Instantaneous kinematics and statics are two sides of the
same medal: kinetostatics. Every relationship that is stated
through the analysis of the instantaneous kinematics of a
mechanism has a static meaning, too. Such a meaning can be
deduced through the virtual work principle.
The input-output instantaneous relationship of a parallel
manipulator (PM) is the reference relationship for the
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introduction of the concept of singularity and for the
classification of the PM singularities.
In this paper, the input-output instantaneous relationship of
a parallel wrist (PW) has been written in the general case. The
singularity conditions of the PWs have been deduced both in
analytic and in geometric form. The static meaning of the
matrices that appear in the input-output instantaneous
relationship has been deduced together with the static
interpretation of the singularity conditions. Finally, indices,
already proposed in the literature, for characterizing the
kinetostatic performances of PWs have been discussed, and
new indices for characterizing the static efficiency of the PW
skeleton have been proposed.
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